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a b s t r a c t
Adin and Roichman proved a set of refined sign-balance identities on 321-avoiding per-
mutations respecting the last descent of the permutations, which we call the identities of
Adin–Roichman type. In thiswork,we construct a new involution onplane trees that proves
refined sign-balance properties on 321-avoiding alternating permutations respecting the
first and last entries of the permutations respectively and obtain two sets of identities of
Adin–Roichman type.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let Sn be the set of all permutations of {1, . . . , n}. The sign of a permutation σ = σ1 · · · σn ∈ Sn, denoted by sign(σ ), is
defined to be sign(σ ) = (−1)inv(σ ), where inv(σ ) = Card{(σi, σj) : i < j and σi > σj} is the inversion number of σ . Note that
sign(σ ) = 1 (respectively,−1) if σ is even (respectively, odd).
A permutation is called 321-avoiding if it contains no decreasing subsequences of length three. Simion and Schmidt [8]
proved the following sign-balance property on the set Sn(321) of 321-avoiding permutations in Sn: the number of even
permutations in Sn(321) equals the number of odd permutations if n is even, and exceeds it by the Catalan number
C 1
2 (n−1) otherwise. Adin and Roichman [1] proved analytically a refinement of this result respecting the last descent.
Shortly afterward, Reifegerste [7] gave a bijective proof of Adin and Roichman’s result and proved an analogous refinement
respecting the length of the longest increasing subsequence. Mansour [6] also found variation of the refined sign-balance
property for 132-avoiding permutations.
In this paper, we prove a refined sign-balance property on 321-avoiding alternating permutations. A permutation
σ = σ1 · · · σn ∈ Sn is alternating (or down-up) if σ1 > σ2 < σ3 > σ4 < · · ·. See [5] for pattern-avoiding alternating
permutations. Let Altn(321) denote the set of 321-avoiding alternating permutations in Sn, and let lead(σ ) = σ1, the first
entry of σ . Our first main result is the following.
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Fig. 1. The polyomino (Ω(σ ),Q4) and plane treeΠ ◦Ω(σ ) corresponding to the permutation σ = 3 1 6 2 7 4 8 5 ∈ Alt8(321).
Theorem 1.1. For all n ≥ 1, we have
(i)

σ∈Alt4n+2(321) sign(σ ) · qlead(σ ) = (−1)n+1

σ∈Alt2n(321) q
2·lead(σ )
(ii)

σ∈Alt4n+1(321) sign(σ ) · qlead(σ ) = (−1)n

σ∈Alt2n(321) q
2·lead(σ )
(iii)

σ∈Alt4n(321) sign(σ ) · qlead(σ ) = (−1)n+1(1− q)

σ∈Alt2n(321) q
2(lead(σ )−1)
(iv)

σ∈Alt4n−1(321) sign(σ ) · qlead(σ ) = (−1)n(1− q)

σ∈Alt2n(321) q
2(lead(σ )−1).
The second main result is an analogous one respecting the statistic end(σ ), the last entry, of σ .
Theorem 1.2. For all n ≥ 1, we have
(i)

σ∈Alt4n+2(321) sign(σ ) · qend(σ ) = (−1)n+1

σ∈Alt2n(321) q
2·end(σ )+1
(ii)

σ∈Alt4n+1(321) sign(σ ) · qend(σ ) = (−1)n

σ∈Alt2n(321) q
2·end(σ )+1
(iii)

σ∈Alt4n(321) sign(σ ) · qend(σ ) = (−1)n(1− q)

σ∈Alt2n(321) q
2·end(σ )
(iv)

σ∈Alt4n−1(321) sign(σ ) · qend(σ ) = (−1)n+1(1− q)

σ∈Alt2n(321) q
2·end(σ ).
Note that these identities are not equivalent to Adin and Roichman’s results in [1] via well-known bijections (see the
concluding remark for further discussion), and we shall prove these identities combinatorially in terms of plane trees.
In fact, the notion of sign-balance has been extended to plane trees. Let Tn be the set of plane trees with n edges. Eu
et al. [3] determined the sign-balance of Tn regarding the parity of the number of leaves: the number of trees in Tn with
even number of leaves equals the number of trees with odd number of leaves if n is even, and differs by the Catalan number
(−1) 12 (n+1)C 1
2 (n−1) otherwise. Chen et al. [2] gave a combinatorial proof of this result by establishing a parity-reversing
involution on Tn. Their involution turns out to reverse the parity of another statistic hsum(T ) of a plane tree T , the total
height of all vertices of T . We extend their method to develop a new involution on Tn that reverses the parity of hsum(T )
while preserving the length of the leftmost (respectively, rightmost) path of T , which proves refined sign-balance properties
on Tn (Theorems 4.2 and 4.3) and paves the way to a proof of Theorems 1.1 and 1.2.
2. A bijection between 321-avoiding alternating permutations and plane trees
In this section, we present a simple bijection between 321-avoiding alternating permutations of even length and plane
trees, with Dyck paths as an intermediate stage, such that a permutation σ ∈ Alt2n(321) is carried to a tree T ∈ Tn with
hsum(T ) = inv(σ ).
The first stage is a special case of the Françon–Viennot [4] bijection between permutations and Dyck paths such that the
inversion number of a permutation is translated to the area under the path. A Dyck path of length n is a lattice path from
(0, 0) to (n, n), using north step (0, 1) and east step (1, 0), that never goes below the line y = x. Let N and E denote a north
step and an east step, respectively. Let Qn = ENEN · · · EN be the specific lattice path from (0, 0) to (n, n) formed by the
steps E and N alternately. Note that Qn goes between the line y = x and the line y = x− 1.
Let Cn be the set of Dyck paths of length n. It is known that |Cn| = Cn. For every path P ∈ Cn, we define the statistic
area(P) of P to be the number of unit squares in the polyomino (P,Qn) enclosed by P and Qn. For example, Fig. 1(a) shows a
polyomino (P,Q4)with the lower path Q4 = ENENENEN, the upper path P = NNENNEEE, and area(P) = 8.
Proposition 2.1. There is a bijection Ω between the two sets Alt2n(321) and Cn such that a permutation σ ∈ Alt2n(321) is
carried to a pathΩ(σ ) ∈ Cn with inv(σ ) = area(Ω(σ )).
Proof. Given a permutation σ = σ1 · · · σ2n ∈ Alt2n(321), we label the ith step of Qn by σi, for 1 ≤ i ≤ 2n. The corresponding
path Ω(σ ) is constructed from Qn by rearranging the steps of Qn according to the numerical order of their labels. Since σ
is 321-avoiding and alternating, the odd entries σ1 < σ3 < · · · < σ2n−1 (respectively, even entries σ2 < σ4 < · · · < σ2n)
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are increasing, which are on the n east (respectively, north) steps of the pathΩ(σ ), accordingly. ThenΩ(σ ) is a path from
(0, 0) to (n, n). Moreover, since σ2i−1 > σ2i, there are always at least i north steps preceding the ith east step inΩ(σ ). Hence
Ω(σ ) ∈ Cn.
To find Ω−1, given a Dyck path P ∈ Cn, we label the steps of P from 1 to 2n. With the polyomino (P,Qn), we assign
the ith step of Qn the label zi of the opposite step across the polyomino, for 1 ≤ i ≤ 2n. Then we recover the word
Ω−1(P) = z1 · · · z2n ∈ Alt2n(321).
Note that every inversion (σi, σj) ofσ is in one-to-one correspondence to the unit square at the intersection of the column
with label σi and the row with label σj of the polyomino (Ω(σ ),Qn). Hence inv(σ ) = area(Ω(σ )). 
Example 2.2. Take a σ = 3 1 6 2 7 4 8 5 ∈ Alt8(321). The paths Ω(σ ) and Q4, along with their step-labeling, are shown in
Fig. 1(a). Note that area(Ω(σ )) = inv(σ ) = 8.
The second stage is an adaptation of the standard plane-tree representation of Dyck paths. For a tree T ∈ Tn and a vertex
x ∈ T , the height of x, denoted by height(x), is the distance from the root to x. We define the statistic hsum(T ) of T , the total
height of all vertices of T , as
hsum(T ) =

x∈T
height(x).
Proposition 2.3. There is a bijectionΠ between the two sets Cn and Tn such that a path P ∈ Cn is carried to a treeΠ(P) ∈ Tn
with area(P) = hsum(Π(P)).
Proof. A well-known bijection Π : Cn → Tn is constructed as follows. For every path P ∈ Cn, to each north step there
corresponds an edge traversed (in preorder) on the way down, and to each east step there corresponds an edge traversed
on the way up.
Let x1, . . . , xn be the non-root vertices of Π(P) in preorder. We observe that for each i (1 ≤ i ≤ n), the height
of xi in Π(P) equals the number of unit squares in the ith row (from bottom to top) of the polyomino (P,Qn). Hence
area(P) = hsum(Π(P)). 
Example 2.4. Take a P = NNENNEEE ∈ C4, i.e., the upper path of the polyomino shown in Fig. 1(a). The corresponding tree
Π(P) is shown in Fig. 1(b), where area(P) = hsum(Π(P)) = 8.
With the composition Π ◦ Ω : Alt2n(321) → Tn, each permutation σ ∈ Alt2n(321) can be represented by a plane tree
T = Π ◦Ω(σ )with inv(σ ) = hsum(T ).
3. A sign-reversing involution on plane trees
In this section, we review Chen–Shapiro–Yang’s involution φ on Tn and show that the involution reverses the parity of
the statistic hsum(T ) of T . First, we describe the fixed points of the involution φ in the case n is odd.
Legal trees. For every tree T ∈ Tn, we attach to each vertex a leaf as its first child to form a plane tree λ(T )with 2n+1 edges.
The resulting tree λ(T ) can be characterized by the condition: a vertex is a leaf if and only if it is the first child of an internal
vertex. Let Gn ⊆ Tn be the set of trees that satisfy this condition. Notice that
|G2n| = 0 and |G2n+1| = |Tn| = Cn, (1)
and that the map λ is a bijection between Tn and G2n+1.
Lemma 3.1. For every tree T ∈ G2n+1, the statistic hsum(T ) has the opposite parity of n.
Proof. Note that T contains n + 1 leaves and n + 1 internal vertices. Let v1, . . . , vn+1 be the leaves of T , and let ui be the
parent of vi, for 1 ≤ i ≤ n+ 1. Then u1, . . . , un+1 are distinct, and height(vi) = height(ui)+ 1. We have
hsum(T ) =
n+1
i=1
height(ui)+
n+1
i=1
height(vi) = 2

n+1
i=1
height(ui)

+ n+ 1,
as required. 
For any non-root vertex x of a plane tree T , we say that x is legal if either x is a leaf and it is also the first child of its
parent, or x is an internal vertex but it is not the first child of its parent. Otherwise, x is illegal. The tree T is said to be legal
if T contains at least one edge and every non-root vertex of T is legal. In other words, Gn consists of all the legal trees in Tn
for all n ≥ 1. By Eq. (1), a legal tree has odd number of edges necessarily. For a vertex x in T , let τ(x) denote the subtree of
T rooted at x, consisting of x and the descendants of x. We describe the map φ below.
The involution φ on Tn− Gn. Given a tree T ∈ Tn− Gn, find the last illegal vertex, say v, in right-to-left preorder. Let u be the
parent of v. There are two possibilities for the vertex v. (1) v is a leaf, and it has siblings, sayw1, . . . , wk, to the left of v. (2)
v is an internal vertex, and it is the first child of u.
For case (1), we separate the subtrees τ(w1), . . . , τ (wk) from T , and then construct the tree φ(T ) by attaching the
subtrees τ(w1), . . . , τ (wk) to v in the same order. Note that the vertex v remains to be the last illegal vertex of φ(T ) in
right-to-left preorder. For case (2), the tree φ(T ) is constructed by reversing the operation in case (1).
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Fig. 2. An example for the involution φ on illegal plane trees.
Proposition 3.2. The involution φ reverses the parity of the statistic hsum(T ) of trees T ∈ Tn − Gn.
Proof. Form the above construction of φ, we have |hsum(T ) − hsum(φ(T ))| = ki=1 |{x : x ∈ τ(wi)}|. Note that the first
subtree τ(w1) = w1 is a single vertex, and the other subtrees τ(w2), . . . , τ (wk) are legal trees, each of which contains even
number of vertices. Hence the term
k
i=1 |{x : x ∈ τ(wi)}| is odd, and the statistic hsum(φ(T )) has the opposite parity of
hsum(T ). 
Example 3.3. Given the tree T shown in Fig. 2(a), the white vertices are the legal vertices while the black vertices are the
illegal vertices, where the vertex v is the last illegal vertex in right-to-left preorder. The corresponding tree φ(T ) is shown
in Fig. 2(b).
4. Refined sign-balance results on plane trees
In this section, we establish a new involutionΦ on Tn that proves refined sign-balance properties on plane trees, leading
to a proof of Theorems 1.1 and 1.2.
For a T ∈ Tn, by the leftmost (respectively, rightmost) path of T we mean the path that connects the root and the first
(respectively, last) leaf in preorder. Let lmp(T ) (respectively, rmp(T )) be the number of vertices on the leftmost (respectively,
rightmost) path of T . Note that lmp(T ) ≥ 2 and rmp(T ) ≥ 2 if T contains at least one edge. By the bijectionΠ◦Ω constructed
from Propositions 2.1 and 2.3, we have the following observation.
Lemma 4.1. For every σ ∈ Alt2n(321) and the corresponding tree T = Π ◦Ω(σ ) ∈ Tn, the following relations hold.
(i) lead(σ ) = lmp(T ),
(ii) end(σ ) = 2n− rmp(T )+ 1.
By Lemma 4.1, the identities (i) and (iii) of Theorem 1.1 can be deduced from the following identities for plane trees.
Theorem 4.2. For all n ≥ 1, the following identities hold.
(i)

T∈T2n+1(−1)hsum(T )qlmp(T ) = (−1)n+1

T∈Tn q
2·lmp(T ).
(ii)

T∈T2n(−1)hsum(T )qlmp(T ) = (−1)n+1(1− q)

T∈Tn q
2(lmp(T )−1).
Likewise, the following identities are used for Theorem 1.2.
Theorem 4.3. For all n ≥ 1, the following identities hold.
(i)

T∈T2n+1(−1)hsum(T )q−rmp(T ) = (−1)n+1

T∈Tn q
−2·rmp(T ).
(ii)

T∈T2n(−1)hsum(T )q−rmp(T ) = (−1)n(1− q)

T∈Tn q
−2·rmp(T )+1.
The above two theorems can be proved by the same method. In the sequel of this paper, we focus on the proof of
Theorem 4.2. We shall establish an involution Φ on plane trees T that reverses the parity of hsum(T ) while preserving
the statistic lmp(T ), making use of the involution φ in the previous section as building blocks.
For 2 ≤ k ≤ n+ 1, we define
Tn,k = {T ∈ Tn : lmp(T ) = k}.
For a tree T ∈ Tn,k, let u1, . . . , uk be the vertices on the leftmost path of T from root to leaf. The other n− k+1 edges of T
are decomposed into k subtrees R1, . . . , Rk (possiblywith no edges), where Ri is rooted at ui (1 ≤ i ≤ k), with the convention
that the last subtree Rk = uk is always a single vertex. The tree T is fully described by subtree-sequence R1, . . . , Rk under
the leftmost path and we write T = (R1, . . . , Rk).
4.1. The fixed points of the involutionΦ on T2n+1
Based on the map λ constructed in the previous section, we specify a subset of T2n+1,2k as the set of fixed points of the
mapΦ .
Generalized legal trees. Given a tree T = (R1, . . . , Rk) ∈ Tn,k, let u1, . . . , uk be the roots of R1, . . . , Rk accordingly. We
associate T with a treeΛ(T ) ∈ T2n+1,2k as follows. Let v1, . . . , v2k be the vertices on the leftmost path ofΛ(T ) from root to
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Fig. 3. An example for the construction of the mapΛ.
leaf, and let the subtrees under the leftmost path ofΛ(T ) be indexed by S1, . . . , S2k, where Sj is rooted at vj. For 1 ≤ i ≤ k,
each pair (S2i−1, S2i) is defined from the subtree Ri of T by the following procedure. If Ri is a single vertex then both of S2i−1
and S2i are a single vertex. Otherwise, Ri contains at least one edge. Letwi be the last child of the root ui of Ri. Removing the
edge uiwi from Ri results in two trees Tui and Twi , where Twi = τ(wi) is the subtree of Ri rooted at wi, and Tui = Ri − τ(wi)
consists of the remainder of Ri, rooted at ui. Then we find the corresponding legal trees of Tui and Twi under the map λ, and
assign S2i−1 = λ(Tui) and S2i = λ(Twi). The tree Λ(T ) is constructed. See Fig. 3 for an illustration. The subtree-sequence
S1, . . . , S2k of the resulting treeΛ(T ) can be characterized by the following conditions.
(B1) For 1 ≤ i ≤ k− 1 and for each pair (S2i−1, S2i), either both of S2i−1 and S2i are legal trees, or both of S2i−1 and S2i are a
single vertex.
(B2) Both of S2k−1 and S2k are a single vertex.
For 2 ≤ k ≤ n+ 1, we define the set G2n+1,2k ⊆ T2n+1,2k by
G2n+1,2k = {Λ(T ) : T ∈ Tn,k}.
It is straightforward to prove that the mapΛ−1 can be obtained by a reverse procedure, soΛ is a bijection between Tn,k and
G2n+1,2k.
For convenience, a vertex u of a tree T is colored black if u is of odd height and colored white otherwise. It is clear that
hsum(T ) is of the same parity as the number of black vertices in T .
Lemma 4.4. For every tree T ∈ G2n+1,2k, the statistic hsum(T ) has the opposite parity of n, independent of k.
Proof. Let T ′ = (R1, . . . , Rk) ∈ Tn,k be the tree such that T = Λ(T ′). Note that T ′ contains n+1 vertices. By the construction
of the map Λ, we observe that every vertex of T ′ is associated with a black vertex and a white vertex of T in the following
manner. For every vertex ui on the leftmost path of T ′, it is associated with the two vertices v2i−1, v2i ∈ T . For each subtree
Ri ⊆ T ′ with a non-empty edge set, we associate the last child wi of the root ui of Ri with the first leaf of S2i−1 and the first
leaf of S2i. For the other vertices x ∈ Ri−{ui, wi}, x is attached a leaf as its first child in S2i−1∪S2i, so we associate xwith itself
and its first child in S2i−1 ∪ S2i. This exhausts the vertex set of T . Hence T contains n + 1 black vertices, and the assertion
follows. 
Now, we describe the construction of the involutionΦ . (We remark that the construction works for plane trees with odd
or even number of edges.)
The involution Φ on plane trees. Given a plane tree T with lmp(T ) = m, let R1, . . . , Rm be the subtrees under the leftmost
path of T . The corresponding treeΦ(T ) ∈ T2n+1,m is constructed according to the following two cases.
Case 1. There exist some illegal trees in {R1, . . . , Rm} with a non-empty edge set. Then find the last illegal tree, say Rj,
with a non-empty edge set. The tree Φ(T ) is obtained from T by replacing Rj by its counterpart φ(Rj) under the
involution φ. Note that φ(Rj) is the last illegal tree with a non-empty edge set in the subtree-sequence ofΦ(T ), and
that hsum(Φ(T )) has the opposite parity of hsum(T ).
Case 2. Every tree in {R1, . . . , Rm} is either a single vertex or a legal tree.We partition the sequence R1, . . . , Rm into adjacent
pairs (R1, R2), (R3, R4), . . . . There are two subcases.
(2a) There exist some pairs (R2i−1, R2i) with i ≤ ⌊m−12 ⌋ such that one of the two trees is a single vertex and the
other is a legal tree. Then we find the last pair (R2i−1, R2i) (i.e., with the largest number i ≤ ⌊m−12 ⌋) with such
a property. The tree Φ(T ) is obtained from T by interchanging R2i−1 and R2i. We observe that there are odd
number of vertices in R2i−1 ∪ R2i and that this operation interchanges black and white colors of these vertices.
Hence hsum(Φ(T )) has the opposite parity of hsum(T ). Moreover, (R2i, R2i−1) is also the last pair with such a
property in Φ(T ). Note that the restriction i ≤ ⌊m−12 ⌋ excludes the possibility of interchanging the last two
trees Rm−1 and Rm whenm is even, so the length of leftmost path is preserved.
(2b) For 1 ≤ i ≤ ⌊m−12 ⌋ and for each pair (R2i−1, R2i), either both of R2i−1 and R2i are legal trees, or both of R2i−1 and
R2i are a single vertex. Then letΦ(T ) = T , a fixed point of the mapΦ .
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Fig. 4. An example for the mapΦ .
Example 4.5. Given the tree T = (R1, . . . , R6) ∈ T13,6 shown in Fig. 4(a), note that R3 is the only illegal tree with a non-
empty edge set in {R1, . . . , R6}. By Case 1 of the map Φ , the tree Φ(T ) is obtained from T by replacing R3 by φ(R3), shown
in Fig. 4(b).
Given the tree T = (R1, . . . , R6) ∈ T13,6 shown in Fig. 4(c), each tree in {R1, . . . , R6} is either a single vertex or a legal
tree. However, (R3, R4) is the only pair of trees in {(R1, R2), (R3, R4)} such that one is a single vertex and the other is a legal
tree. By Case (2a) of the mapΦ , the treeΦ(T ) is obtained from T by interchanging R3 and R4, shown in Fig. 4(d).
The involutionΦ on T2n+1 has the following property.
Proposition 4.6. The following facts hold.
(i) For 2 ≤ k ≤ n+ 1, the mapΦ induces an involution on the set T2n+1,2k such that G2n+1,2k is the set of fixed points.
(ii) The mapΦ induces an involution on the set T2n+1,2 without fixed points.
(iii) For 2 ≤ k ≤ n+ 1, the mapΦ induces an involution on the set T2n+1,2k−1 without fixed points.
Proof. (i) Given a fixed point T = (R1, . . . , R2k) ∈ T2n+1,2k under the map Φ , we shall verify that the subtrees R1, . . . , R2k
satisfy conditions (B1) and (B2) for the trees in G2n+1,2k. It follows immediately from Case (2b) of the mapΦ that condition
(B1) is satisfied. For condition (B2), it suffices to show that the tree R2k−1 contains no edges. Suppose on the contrary that
R2k−1 contains at least one edge. By Case 1 of themapΦ, R2k−1 is legal, and then it contains odd number of edges. Since there
are totally 2n− 2k+ 2 edges in the trees R1 ∪ · · · ∪ R2k−1, there are odd number of members in {R1, . . . , R2k−2} being legal
trees, which implies that there exists a pair (R2i−1, R2i) such that one of which is a single vertex and the other is a legal tree.
By Case (2a) of the mapΦ, T is not a fixed point, a contradiction. Hence R2k−1 contains no edges. The assertion (i) follows.
(ii) For every tree T = (R1, R2) ∈ T2n+1,2, note that R2 is a single vertex and that R1 is a tree with 2n edges, which is an
illegal tree. By Case 1 of the mapΦ, T is not a fixed point.
(iii) Given a tree T = (R1, . . . , R2k−1) ∈ T2n+1,2k−1, suppose that T is a fixed point under the mapΦ . By Case 1 of the map
Φ , each tree Ri is either a single vertex or a legal tree. Since there are totally 2n− 2k+ 3 edges in the trees R1 ∪ · · · ∪ R2k−2,
there are odd number of members in {R1, . . . , R2k−2} being legal trees, which implies that there exists a pair (R2i−1, R2i)
such that one of which is a single vertex and the other is a legal tree. By Case (2a) of the map Φ, T is not a fixed point, a
contradiction. The assertion (iii) follows. 
Example 4.7. The map Φ acting on the set T5 is illustrated in Fig. 5, where T5 is partitioned into T5,i, for 2 ≤ i ≤ 6,
with respect to lmp(T ) = i. The trees shown in the upper (respectively, lower) cell of T5,i have even (respectively, odd)
hsum(T ), where the trees that are counterparts of each other under the map Φ are arranged accordingly. Note that the
map Φ restricted to T5,2, T5,3 and T5,5 has no fixed points, and that G5,4 and G5,6 are the sets of fixed points of the map Φ
restricted to T5,4 and T5,6, respectively.
Now we are able to prove the first identity of Theorem 4.2.
Proof of Theorem 4.2(i). By Lemma 4.4 and Proposition 4.6, we have

T∈T2n+1
(−1)hsum(T )qlmp(T ) =
2n+2
j=2
 
T∈T2n+1,j
(−1)hsum(T )qlmp(T )

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Fig. 5. A picture of the mapΦ on T5 .
=
n+1
k=2
 
T∈G2n+1,2k
(−1)n+1q2k

= (−1)n+1
n+1
k=2

T∈Tn,k
q2·lmp(T )

= (−1)n+1

T∈Tn
q2·lmp(T ),
as required. 
4.2. The fixed points of the involutionΦ on T2n
Note that the above construction of the involution Φ works well on the set T2n. For the fixed points, we specify two
families of subsets {H2n,2k−1 : 2 ≤ k ≤ n+ 1} and {H2n,2k−2 : 2 ≤ k ≤ n+ 1} of T2n.
For the first family, the setH2n,2k−1 is constructed from G2n+1,2k as follows. Given a tree T = (R1, . . . , R2k) ∈ G2n+1,2k,
recall that the last two subtrees R2k−1 and R2k are a single vertex. We associate T with a tree Γ (T ) ∈ T2n,2k−1 in the form
Γ (T ) = (R1, . . . , R2k−1) by removing R2k from T , in other words, deleting the first leaf in preorder.
For 2 ≤ k ≤ n+ 1, we define
H2n,2k−1 = {Γ (T ) : T ∈ G2n+1,2k}.
Note thatΓ is a bijection betweenG2n+1,2k andH2n,2k−1 since the trees T ∈ G2n+1,2k can be recovered fromΓ (T ) ∈ H2n,2k−1
by attaching a vertex to the first leaf of Γ (T ). Hence there is a one-to-one correspondence between H2n,2k−1 and Tn,k via
G2n+1,2k. Since R2k is a black vertex, the statistics hsum(T ) and hsum(Γ (T )) have opposite parities. By Lemma 4.4, we have
the following fact.
Lemma 4.8. For every tree T ∈ H2n,2k−1, the statistic hsum(T ) has the same parity of n, independent of k.
By the same argument as in the proof of Proposition 4.6, the map Φ on the set T2n,2k−1 has the following immediate
consequence.
Proposition 4.9. For 2 ≤ k ≤ n+ 1,H2n,2k−1 is the set of fixed points of the involutionΦ on the set T2n,2k−1.
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Fig. 6. An example for the construction of the mapΛ′ .
For the second family, the set H2n,2k−2 is constructed from Tn,k by a modified construction of the map Λ for the set
G2n+1,2k. Given a tree T = (R1, . . . , Rk) ∈ Tn,k, we shall associate T with a tree Λ′(T ) ∈ T2n,2k−2. Let S1, . . . , S2k−2 be the
subtrees under the leftmost path of Λ′(T ). For 1 ≤ i ≤ k − 2, each pair (S2i−1, S2i) is defined by the subtree Ri of T in
exactly the same way as in the mapΛ. That is, if Ri is a single vertex then both of S2i−1 and S2i are a single vertex, otherwise
we assign S2i−1 = λ(Tui) and S2i = λ(Twi), where wi is the last child of the root ui of Ri, and Tui and Twi are the two trees
when the edge uiwi is removed from Ri. For the last pair (S2k−3, S2k−2), we assign S2k−3 = λ(Rk−1) and assign S2k−2 a single
vertex. See Fig. 6 for an illustration. The subtree-sequence S1, . . . , S2k−2 of the resulting treeΛ′(T ) can be characterized by
the following conditions.
(C1) For 1 ≤ i ≤ k− 2 and for each pair (S2i−1, S2i), either both of S2i−1 and S2i are legal trees, or both of S2i−1 and S2i are a
single vertex.
(C2) S2k−3 is a legal tree but S2k−2 is a single vertex.
For 2 ≤ k ≤ n+ 1, we define
H2n,2k−2 = {Λ′(T ) : T ∈ Tn,k}.
Note thatΛ′ is a bijection between Tn,k andH2n,2k−2.
Lemma 4.10. For every tree T ∈ H2n,2k−2, the statistic hsum(T ) has the opposite parity of n, independent of k.
Proof. Let T ′ = (R1, . . . , Rk) ∈ Tn,k be the tree such that T = Λ′(T ′). We associate the single vertex in Rk of T ′ with the
single vertex in S2k−2 of T , which is black. We associate each vertex v of Rk−1 ⊆ T ′ with itself and its first child in S2k−3 ⊆ T .
For the other vertices x of T ′, we associate xwith a black vertex and a white vertex in T in the same manner as in the proof
of Lemma 4.4. Hence T contains n+ 1 black vertices, and the assertion follows. 
Proposition 4.11. For 2 ≤ k ≤ n+ 1,H2n,2k−2 is the set of fixed points of the involutionΦ on the set T2n,2k−2.
Proof. Take m = 2k − 2 in the construction of the map Φ . Given a tree T = (R1, . . . , R2k−2) ∈ T2n,2k−2, the restriction
i ≤ ⌊m−12 ⌋ = k− 2 excludes the possibility of interchanging the last two trees R2k−3 and R2k−2, so the length of the leftmost
path of T is preserved under themapΦ . We shall verify that if T is a fixed point of themapΦ then the subtrees R1, . . . , R2k−2
satisfy conditions (C1) and (C2) for the trees inH2n,2k−2.
By Case (2b) of the map Φ , they satisfy condition (C1), which implies that there are even number of members in
{R1, . . . , R2k−4} that are legal trees. Since there are in total 2n − 2k + 3 edges in R1 ∪ · · · ∪ R2k−3 (while R2k−2 is a single
vertex), the tree R2k−3 contains odd number of edges. By Case 1, R2k−3 is a legal tree. This verifies condition (C2). The proof
is completed. 
Example 4.12. The map Φ acting on the set T4 is illustrated in Fig. 7, where H4,i is the set of fixed points of the map
Φ restricted to the set T4,i, for 2 ≤ i ≤ 5. Note that H4,3 and H4,5 are in one-to-one correspondence to G5,4 and G5,6
under the map Γ , respectively, and thatH4,2 andH4,4 are in one-to-one correspondence to T2,2 and T2,3 under the mapΛ′,
respectively.
Now we are able to prove the second identity of Theorem 4.2.
Proof of Theorem 4.2(ii). By Lemmas 4.8 and 4.10 and Propositions 4.9 and 4.11, we have

T∈T2n
(−1)hsum(T )qlmp(T ) =
2n+1
j=2
 
T∈T2n,j
(−1)hsum(T )qlmp(T )

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Fig. 7. A picture of the mapΦ on T4 .
=
n+1
k=2
 
T∈H2n,2k−2
(−1)n+1q2k−2 +

T∈H2n,2k−1
(−1)nq2k−1

= (−1)n+1(1− q)
n+1
k=2

T∈Tn,k
q2(lmp(T )−1)

= (−1)n+1(1− q)

T∈Tn
q2(lmp(T )−1),
as required. The proof of Theorem 4.2 is completed. 
4.3. An analogous involution respecting the rightmost path of plane trees
The key that opens the way to the involutionΦ is the subtree-sequence under the leftmost path of plane trees T . Making
use of the subtree-sequence under the rightmost path instead, one can come up with an involution on Tn that reverses the
parity of hsum(T )while preserving the statistic rmp(T ) in exactly the same way as the mapΦ . The proof of Theorem 4.3 is
analogous to the proof of Theorem 4.2.
Proof of Theorem 4.3. Substituting rmp(T ) for lmp(T ) and substituting 1q for q into the identities (i) and (ii) of Theorem 4.2,
we obtain new identities
(i)

T∈T2n+1(−1)hsum(T )( 1q )rmp(T ) = (−1)n+1

T∈Tn(
1
q )
2·rmp(T )
(ii)

T∈T2n(−1)hsum(T )( 1q )rmp(T ) = (−1)n+1(1− 1q )

T∈Tn(
1
q )
2(rmp(T )−1),
which are exactly the identities of Theorem 4.3. 
4.4. A proof of the main results
Under the bijection Π ◦ Ω : Alt2n(321) → Tn constructed from Propositions 2.1 and 2.3, the identities (i) and (iii) of
Theorem 1.1 are direct consequences of Lemma 4.1(i) and Theorem 4.2.
For the identities (ii) and (iv), given a permutation σ = σ1 · · · σ2n ∈ Alt2n(321), we observe that the greatest entry is
σ2n−1 = 2n (otherwise there will be a 321-pattern (2n, σ2n−1, σ2n) in σ ), and that σ2n−2 < σ2n (otherwise there will be a
321-pattern (σ2n−3, σ2n−2, σ2n) in σ ). Then removing the entry σ2n−1 from σ results in a member σ ′ ∈ Alt2n−1(321) with
inv(σ ′) = inv(σ ) − 1. This is a sign-reversing bijection between Alt2n−1(321) and Alt2n(321). Hence the identities (ii) and
(iv) follow immediately from (i) and (iii), respectively. This completes the proof of Theorem 1.1.
Theorem 1.2 can be proved by the same argument. Notice that the identities (i) and (iii) of Theorem 1.2 are direct
consequences of Lemma 4.1(ii) and Theorem 4.3, and the identities (ii) and (iv) follow immediately from (i) and (iii),
respectively. This completes the proof of Theorem 1.2.
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5. Concluding remarks
Adin and Rochiman [1] proved a refined sign-balance property on Sn(321) respecting the statistic ldes, the last
descent. They also studied another statistic lind on Sn(321), the position of the entry n in σ ∈ Sn(321), and proved the
equidistribution of ldes and lind − 1 on the set Sn(321). These results were proved algebraically by generating functions
(see also [7] for Reifegerste’s bijective proof) while in this work we prove refined sign-balance properties on Altn(321)
respecting the statistics lead and end combinatorially.
It is known that the statistics lead and end on the set Alt2n(321) are essentially equidistributed with the statistic ldes
on the set Sn(321), and one may wonder if the main results of this paper and Adin and Roichman’s results are trivially
equivalent, and it is not so if taking into account the sign of permutations. Namely, if translated in terms of Dyck paths,
these equidistributed statistics have different interpretations. (We refer the readers to [1, Section 5] for a bijection between
Sn(321) and Cn that uses standard Young tableaux as an intermediate stage.) If P = x1x2 · · · x2n ∈ Cn is the Dyck path that
corresponds to σ ∈ Sn(321), then it is shown that
ldes(σ ) = max{i : xi = N, xi+1 = E, 1 ≤ i ≤ n− 1}, (where ldes(σ ) = 0 for P = N · · ·NE · · · E)
lind(σ ) = max{i : xi = N, xi+1 = E, 1 ≤ i ≤ n}.
If P corresponds to σ ∈ Alt2n(321) under our bijectionΩ ◦Π : Alt2n(321)→ Cn, then we have
lead(σ ) = min{i : xi−1 = N, xi = E, 2 ≤ i ≤ n+ 1},
end(σ ) = max{i : xi = N, xi+1 = E, n ≤ i ≤ 2n− 1}.
We are interested in knowing if there are explicit connections among these statistics that show the equivalence of Adin-
Rochiman’s results in [1] and Theorem 1.1 (or Theorem 1.2). We leave the question to the readers.
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